We elucidate some exact relations between light-cone and covariant string field theories on the basis of the homological perturbation lemma for A ∞ . The covariant string field splits into the light-cone string field and trivial excitations of BRST quartets: The latter generates the gauge symmetry and covariance. We first show that the reduction of gauge degrees can be performed by applying the lemma, which gives a refined version of the no-ghost theorem of covariant strings. Then, we demonstrate that after the reduction, gauge-fixed theory can be regarded as a kind of effective field theory and it provides an exact gauge-fixing procedure taking into account interactions. As a result, a novel lightcone string field theory is obtained from Witten's open string field theory.
Introduction
The covariant formulation of string fields enables us to treat a multi-body system of strings, which should be a useful tool. However, except for bosonic open strings, covariant string fields based on the minimal world-sheet variables often require impractical treatments [1, 2] . Besides it, the light-cone formulation of string fields has long been known [3] , which is another option. Although the obvious Lorentz covariance is lost, it gives an independent, consistent and easy-to-handle interacting theory. It has been applied to various types of researches so far, in which peculiar calculation techniques were developed. It may seem surprising, but the relation between these covariant and light-cone formulations has remained mysterious. They are independently formulated in different ways and we have no dictionary to translate calculations from one side to the other. It is important to relate the light-cone and covariant formulations concretely, which is our ultimate aim. We need to know when the light-cone formulation recovers covariance, 1 how the light-cone string field appears in the covariant formulation, and what the difference is. In this paper, as a first step, we consider the light-cone reduction within the covariant formulation.
An analogy with the usual field theory may suggest that the light-cone formulation can be obtained from the covariant formulation via some gauge-fixing-such naive expectation will be correct just for the free theory of string fields. The covariant kinetic term indeed reduces to the light-cone kinetic term thanks to the no-ghost theorem of strings proved at the dawn of the covariant formulation [7] . We generalize it to the interacting theory and 2 On the kinetic operator In this section, we briefly review how the light-cone kinetic operator appears in the BRST operator of strings. See textbooks or manuscripts treating the no-ghost theorem or BRST cohomology of covariant strings: For example, section 3 of [8] is pedagogical.
Let us consider bosonic open strings in the flat space-time. Recall that the kinetic operator K lc of the light-cone gauge string theory takes the form
where p µ denotes the momentum zero mode and a I n for 0 < I < 25 denotes a transverse component of the matter excitation mode a µ n for 0 ≤ µ ≤ 25. The canonical commutation relation of a µ n is given by [[a µ m , a ν n ]] = mη µν δ m+n,0 , where η µν is the flat Minkowski metric. We introduce the light-cone coordinates for X µ as follows,
where a ± n ≡ 1 √ 2 (a 0 n ± a 25 n ) satisfies [[a ± m , a ∓ n ]] = −mδ m+n,0 and [[a ± m , a ± n ]] = 0. Likewise, we write p ± ≡ 1 2 (p 0 ± p 25 ) for the light-cone mode of the momentum. As we will show, a pair of light-cone modes {a + n , a − −n } and bc-ghost modes {c n , b −n } gives a BRST quartet.
Light-cone decomposition of BRST
We explain how the light-cone kinetic operator K lc appears in the BRST operator Q. Let us consider the ghost-zero-mode decomposition of the BRST operator of open strings Q ≡ n c −n L n − 1 2 n,m (m − n) : c −m c −n b m+n :
n : c −n c n : + Q ′ , (2.2) where the symbol :: denotes the normal ordering and Q ′ consists of the nonzero modes
The bc-ghost modes satisfy the canonical commutation relation [[b m , c n ]] = δ m+n,0 . We consider the light-cone decomposition of Virasoro generators via a ± n = 1 √ 2 (a 0 n ± a 25 n ). The matter Virasoro zero mode can be cast as
in which the light-cone kinetic operator, K lc defined by (2.1), naturally appears. The other Virasoro generators of X µ are given by
for n = 0, where p ± n ≡ 1 √ 2 (a 0 n ± p 25 n ). Note that the level counting operator N acting on quartets {a + n , c n , b −n , a − −n } n =0 naturally appears in the c 0 -part of (2.2):
We find differential operators acting on the quartet for p + = 0 or p − = 0,
These are nilpotent and have no cohomology, which we will see later. Since c 0 K lc is nilpotent and satisfies [[c 0 K lc , d ]] = 0, the operator c 0 K lc + d is also nilpotent.
We find that the nonzero mode part Q ′ includes these two nilpotent operators and takes the form
Namely, the nilpotent operator c 0 K lc or c 0 K lc + d appears in the BRST operator (2.2). When a nilpotent operator included in Q has the same cohomology as Q, the other term has no cohomology and can be regarded as a perturbation. We define perturbing terms
n : c −n c n : , (2.4b)
As a result, we obtain the light-cone decomposition of the BRST operator
in which d, c 0 N and k Q k are perturbations connecting c 0 K lc to Q. One can use each of them as a perturbation: For example, c 0 N + k Q k connects c 0 K lc + d to Q. These connections can be understood as maps between nilpotent operators. We can find that there exists a similarity transformation U between Q and c 0 K lc + d as follows
This is a refined form of the light-cone decomposition of the BRST operator (2.5), which is our starting point in this paper. The important fact is that d has no cohomology and such a linear map U exists and provides (2.6) . It implies that U Q = (c 0 K lc + d) U provides a morphism of two A ∞ algebras preserving its cohomology.
In the rest of this section, we first show that d acting on the BRST quartet has no cohomology. Then, we construct the similarity transformation U explicitly with some computations, which follows [8] . One can construct U in a simple manner by applying the homological perturbation lemma, which we explain in appendix A.
On the BRST quartet
In the BRST framework, each pair of {a + n , c n ; b −n , a − −n } n =0 forms a trivial quartet. We suppose p + = 0, which enables us to shift the bc-ghost system to the p + c and 1 p + b system. We write q + ≡ {a + n , p + c n } n =0 and q − ≡ { 1 p + b n , a − n } n =0 for pairs of nonzero modes. Because of the canonical commutation relations, a differential operator
acts on the nonzero modes q = q + ⊕ q − and is nilpotent (d) 2 = 0. Therefore, d generates BRST transformation δ B satisfying (δ B ) 2 = 0 as follows
We call this type of pair of the excitations q and differential d as a BRST quartet. The BRST quartet has no cohomology, which is a well-known fact. For each excitation mode, the differential d has no cohomology because commutation relations
m , a ∓ n ]] = −mδ m+n,0 imply the existence of its homotopy contracting operator. Since d acts on q + and q − separately, we can define the quartet splitting operator
which satisfies S ± q + = q + and S ± q − = −q − . One can construct a kind of homotopy contracting operator κ ± satisfying d κ ± + κ ± d = S ± as follows
]]] for n = 0. Any physical state therefore includes the same numbers of q + -and q − -excitations. Note that operators d, N , c 0 and K lc appearing in (2.6) have no S ± -excitation:
Likewise, we have the level counting operator N acting on the quartet, which is defined by (2.3). We can quickly find another kind of homotopy contracting operator
It will provide a standard situation of the homological perturbation lemma. We find
]]] for n = 0. Hence, the physical modes of Φ condense on the N Φ = 0 subspace and BRST quartets' excitations have no cohomology.
Let α be an operator satisfying [[α, d]] = 0. When (ακ) 2 = 0 holds, we find e −ακ de ακ = d + (−) α αN . Since c 0 is nilpotent and commutes with d and κ, we obtain a similarity transformation between c 0 K lc + d and c 0 [K lc + N ] + d as follows
(2.10)
One can obtain the same result by applying the homological perturbation lemma, in which c 0 N is a perturbation. See appendix A.
On the similarity transformation
As we explain, an explicit form of the similarity transformation is given by
Since the map e −c 0 κ connects Q − k Q k to c 0 K lc + d as (2.10), the map e [ [κ ± ,Q 1 + 1
generates a similarity transformation between Q and Q − k Q k . We show that the BRST operator (2.5) has the following expression
As the derivation of (2.10), the similarity transformation (2.12) can be obtained by bruteforce calculations or by using the lemma. In this section, we explain the former on the basis of a pedagogical approach of [8] . For the latter approach, see appendix A.
Let us consider commutation relations of Q k for k = 1, 2 : While Q 1 and Q 2 commutes with d and N , they have non-trivial S ± -excitations
Because of [[d, κ ± ]] = S ± , the operator Q k for k = 1, 2 can be cast as follows
We thus find that U = e −c 0 κ e R 2 +R 3 and the right hand side of (2.12) gives
As we see, the above "· · · " just equals to Q 3 and it completes our proof of (2.12). We show that Q 3 takes the following form and the other higher commutators of R 2 + R 3 vanish,
For this purpose, we use the nilpotent relation Q 2 = 0 in terms of (2.5). Namely, we know (Q) 2 = (d + c 0 [K lc + N ] + 3 k=1 Q k ) 2 = 0, which provides the following series of identities
One can use these relations instead of direct but complicated computations. In addition to these, we quickly find the following relations from (2.4a-c),
which are little stronger than (2.13f) and (2.13g). By using (2.13e), we obtain
and Q 3 can be cast as the above. Likewise, all unwanted terms vanish thanks to (2.13a-i). The homotopy contracting operator κ ± satisfies
We obtain the following relations for i, j = 2, 3
We would like to give some comments on the consistency of (2.11) and Q 3 . One can introduce an intermediate operator
is derived from the following simple differential equation for
Note that Q 3 and (2.11) give solutions to these equations. See also appendix A.
Physical states
We write H cov for the state space of covariant string fields. In the Witten theory, the state space H cov has gauge degrees and the physical space is given by its BRST cohomology. We explain that after the light-cone decomposition, physical states can be described by transverse excitation modes on the Fock vacuum |Ω , which relates to the conformal or SL(2, R) vacuum |0 via |Ω = c 1 |0 . While the conformal vacuum |0 is defined by a µ n |0 = c n+1 |0 = b n−2 |0 = 0 for n > 0 and satisfies 0|c −1 c 0 c 1 |0 = 0, the Fock vacuum |Ω is defined by a µ n |Ω = c n |Ω = b n−1 |Ω = 0 for n > 0 and satisfies Ω|c 0 |Ω = 0. The SL(2, R) vacuum |0 has the BRST-quartet-excitation number −1
and the Fock vacuum |Ω = c 1 |0 has no excitation of BRST quartets
where the quartet-excitation counting operator N is defined by (2.3). Since the physical states must have no excitation of BRST quartets, 2 the physical space H lc is given by
We write Π for the projection onto the physical space H lc from the state space H cov of covariant string fields, namely, Π : H cov → H lc . Note that Π also gives the projector onto Ker[N ], the kernel of the BRST-quartet-excitation counting operator N . We define a homotopy contracting operator h satisfying (h) 2 = 0 and h Π = Π h = 0 as follows
Except for the kernel of N , this h gives an inverse of the BRST differential d as follows
While |Ω is h-closed because of the projection Π, |0 is h-exact:
The existence of a homotopy contracting operator implies that its cohomology is empty. Hence, while any physical state belongs to H lc = Π H cov , all trivial excitation modes consist of BRST quartet excitations and must belong to (1 − Π) H cov .
We write Ψ ∈ H cov for a covariant open string field. The kinetic term S 2 [Ψ] of the Witten theory is invariant under the gauge transformation,
where Λ ∈ H cov denotes a gauge parameter field. Let us consider the following linear field redefinition
The covariant string field splits into physical and gauge degrees
It changes the kinetic term and gauge transformation as follows,
where Λ cov ≡ U Λ ∈ (1l − Π) H cov denotes the redefined gauge parameter field. Note that δΨ cov ∈ (1l − Π) H cov . If we impose the gauge fixing condition
all of the gauge degrees are removed from the covariant string field Ψ cov because (2.18) prohibits any excitation of BRST quartets. A gauge fixed action is given by
Note that d Ψ cov = 0 holds because of the gauge fixing condition (2.18). It just equals to the kinetic term of the old light-cone formulation, which we explain in section 3 and 4.
Homological perturbation & Gauge degrees
In this section, we explain the decoupling mechanism of gauge degrees based on the homological perturbation, a powerful mathematical lemma. As we will see, it gives a refined version of the old no-ghost theorem of covariant strings and an exact procedure of partial gauge fixing. We elucidate some relations between covariant and light-cone string fields. See appendix A for a brief review of the lemma and some application. For more rigorous or detailed treatment, consult mathematical manuscripts, such as [9] [10] [11] . Pedagogical reviews are in [12, 13] . See [14] [15] [16] for other application to string field theory.
Homological perturbation lemma
Let Q and q be differentials acting on H and L respectively. We write π and ι for morphisms of two complexes (H, Q) and (L, q) preserving its cohomology, which satisfy π Q = q π and ι q = Q ι. When a homotopy contracting operator H between 1l H and ι π exists and H satisfies Q H + H Q = 1l H − ι π, it is called as a standard situation:
A perturbation ∆ of a given standard situation (3.1a) is a map acting on H which has the same degree as Q and satisfies (Q + ∆) 2 = 0. We assume that 1 1+∆H = (−∆H) n and 1 1+H∆ = (−H∆) n are definable. Let us introduce a useful operator A = ∆ − ∆H∆ + · · · defined by
Then, there exist the perturbed data which also give a standard situation,
which is the homological perturbation lemma. See appendix A for details. In particular, the lemma also provides an explicit constructing procedure of the perturbed data. The perturbed complexes (H, Q ∆ ) and (L, q ∆ ) are given by nilpotent operators
The homological perturbation lemma states that the perturbed operator
is just a homotopy contracting operator between 1l H and ι ∆ π ∆ where the perturbed projection π ∆ and the perturbed injection ι ∆ are defined by
A proof is in appendix A. In the rest of this subsection, we give several mathematical definitions for simplicity. Afterwords, we apply the lemma to the covariant string.
Contractions
Although the condition (3.1a) may be enough for the lemma, it is useful to consider more restricted cases in order to apply the lemma to string field theory. A deformation retract is a standard situation having the additional property
When the initial data give a deformation retract, then the perturbed data also give a deformation retract if and only if π − AH 2 A + AH + HA ι = 0 .
A strong deformation retract, or a contraction, is a deformation retract satisfying the annihilation properties
When the initial data give a strong deformation retract, then the perturbed data also give a strong deformation retract. 
The perturbation lemma is compatible with this composition. For example, for a given perturbation ∆, the relation (ιi) ∆ = ι ∆ i ∆ holds.
Morphism of contractions
When some theories satisfy the contraction condition, a morphism between them may provide us new insights into our understanding of the relation between these theories. A morphism of contractions is a morphism of differential graded algebras U : (
Then, we find thatŨ ≡ π 2 U ι 1 gives a morphismŨ : L 1 → L 2 satisfying ι 2Ũ = U ι 1 andŨ π 1 = π 2 U . One would be able to consider the lemma as a useful tool to construct such a morphism explicitly. As we show in appendix A, we can construct the similarity transformation (2.6), (2.10) or (2.12) by using it.
Reduction of gauge degrees
The homological perturbation lemma is a useful tool for describing the reduction of gauge degrees. As application, we explain that it provides a refined version of the no-ghost theorem of string theory. Let k be positive integer k > 0. For the k-th BRST quartet (a + −k , c −k ; b k , a − k ), an excitation counting operator N k is given by
Likewise, for the (−n)-th BRST quartet (a + k , c k ; b −k , a − −k ), we define N −k as follows
Note that the n-th BRST quartet has no cohomology and gives a contractible situation with
where Π n denotes the projector on the subspace without the n-th quartet excitations. These operators satisfy (Π n ) 2 = Π n , h n Π n = Π n = 0, d n Π n = Π n d n = 0 and d n h n + h n d n = 1l − Π n .
We find d = n =0 d n , h = n =0 h n and N = k>0 (N k + N −k ) respectively. Let us introduce the n-reduced state space 
By taking Q = d n , H = h n and L = Π n H with natural injection and projection, the homological perturbation lemma describes the process removing the n-th BRST quartet from the theory. One can apply this procedure to each BRST quartet successively and finally obtain the theory that consists of physical degrees only. It gives reduction of gauge degrees. We write Ψ [n] for a string field living in H [n] and Λ [n] ∈ H [n] for its gauge parameter. The equations of motion and gauge transformation are reduced as follows
The no-ghost theorem is equivalent to the perturbed data obtained by setting Q = d, H = h and L = H lc in the initial data and by taking ∆ = c 0 K lc as a perturbation.
Let us consider the string field redefinition Ψ cov ≡ U Ψ given by (2.16) , which enables us to get the free action in the split form (2.17). We can fix the gauge symmetry generated by the n-th BRST quartet by imposing a partially-gauge-fixing condition
The state Ψ [n] ∈ H [n] equals to Ψ cov satisfying the set of gauge conditions N k Ψ cov = 0 for |k| ≤ |n|. Because of d k Ψ [n] = 0 for |k| ≤ |n|, a partially-gauge-fixed action is given by
It has the residual gauge invariance δΨ [n] = (c 0 K lc + |k|>n d k )Λ [n] . We can continue this partially-gauge-fixing procedure and finally obtain the light-cone kinetic term (2.19) . There is no gauge degree in (2.19) , for Ψ lc ∈ H lc is a state carrying ghost number 1. Since any BRST quartet's excitation on the Fock vacuum |Ω is prohibited in H lc , there is no state carrting ghost number 0 in H lc and thus (c 0 K lc ) 2 = 0 generates no gauge transformation.
Homological perturbation for A ∞
The homological perturbation lemma goes well for coalgebras and operadic algebras, such as A ∞ or L ∞ . It enables us to obtain an off-shell interacting version of the gauge decoupling mechanism. We give a brief review of transferring the lemma to A ∞ . Afterwords, we apply it to constructing the minimal model of A ∞ , which gives the S-matrix.
Coalgebra contraction
We introduce a contraction for coalgebras by using the tensor product of (algebra) contractions. For given contractions (H n πn ⇄ ιn L n , H n ) n , we define a homotopy contracting operator H 1 * H 2 acting on the tensor H 1 ⊗ H 2 by
It enables us to define a tensor product of contractions as follows
A tensor product of contractions also gives a contraction. Likewise, using
we define the n-fold tensor product of contractions Let H be a differential graded coalgebra over complex number C with a natural coproduct ∆ ′ : H → H ⊗ ′ H defined by the tensor product. When the coproduct
is a morphism of contractions (3.5), we call this (H π ⇄ ι L, H) as a coalgebra contraction.
Conversely, a contraction (H π ⇄ ι L, H) becomes a coalgebra contraction when π and ι are morphisms of differential graded coalgebras and H satisfies
Tensor trick & Thick map
Let us introduce a contraction for tensor coalgebras. For a given contraction (H π ⇄ ι L, H) of differential graded algebras, we can consider its tensor coalgebra
H ⊗n with the coproduct ∆ ′ of φ 1 ⊗ · · · ⊗ φ n ∈ H ⊗n defined by
The differential Q acting on H is lifted to the differential Q T acting on T (H) via
where 1l T denotes a unit of the tensor coalgebra T (H).
We define natural extensions of injection ι, projection π, their composition Π = ι • π, and contracting homotopy H acting on the tensor coalgebra T (H) as follows
Note that ι T , π T , and (ιπ) T ≡ Π T = ι T • π T are morphisms of tensor coalgebras
Using these operations, we can define a contraction for tensor coalgebras
It gives a coalgebra contraction because of
We omit the lower T -index for simplicity in the rest. Let us introduce more useful notation.
A thick map f : T (H) → T (N ) is a sequence of maps of the same degree,
One can lift any coderivation, cohomomorphism or homotopy contraction to a thick map in a natural and trivial way. See [10] for further details. Clearly, it is compatible with differentials, compositions, and C-linear structure
A thick map f is a morphism if f p+q = f p ⊗ ′ f q for any p, q ≥ 0. Let l and r be morphisms. A thick map d is a (l, r)-derivation if d p+q = d p ⊗ ′ r q + l p ⊗ ′ d q for any p, q ≥ 0 and (1, 1)derivation is just a derivation, where 1 denotes the identity. A contracting homotopy h may be a (1, ιπ)-derivation. We thus find their defining properties as follows
Actually, the property of contracting homotopy h is sufficient for our purpose. One could use a weaker condition, a pseudo-derivative condition of h, which is given by
Perturbation lemma for A ∞ Let (H π ⇄ ι L, h) be a coalgebra contraction. When ∆ is a coderivation, ι ∆ and π ∆ are morphisms of graded coalgebras and Q ∆ = Q + ∆ and q ∆ are coderivations. Then, we obtain a coalgebra version of the homological perturbation lemma by putting it together. 3 When a coderivation ∆ satisfies (Q + ∆) 2 = 0, the lemma is transferred to A ∞ .
We write M ≡ {Q, M n } n>1 for an A ∞ structure of T (H); we write m ≡ {q, m n } n>1 for an A ∞ structure of T (L). Let us consider a contraction of A ∞ algebras
A coderivation ∆ is a perturbation for M when M ∆ = M + ∆ is nilpotent, namely, ∆M + M ∆ + (∆) 2 = 0. We assume that a thick map A can be defined via the following recursive relation
Then, because of the lemma, we obtain a contraction of A ∞ algebras
where the perturbed data are defined by the recursive relations
It is the homological perturbation lemma for A ∞ -a useful tool for describing the reduction of gauge symmetry in off-shell interacting theory, which we will see in section 4.
Minimal model
We write H phys for the space of the physical states, which is the cohomology of the BRST operator Q. Let us consider a contraction of A ∞ algebras of the free theory
and assume that h 2 = 0 and hΠ = Πh = 0 where Π ≡ ι π. The minimal model 4 is obtained by taking interacting terms ∆ min ≡ M −Q as the perturbation, which is a specific case of the homological perturbation. We find the perturbed differential Q ∆ min ≡ M and the following perturbed contracting homotopy
As a result of the lemma, we obtain the perturbed A ∞ data
It describes the interacting theory and its S-matrix, in which h is a real propagator. The right hand side has no gauge degree: It is called as a minimal model of A ∞ . The A ∞ structure of the minimal model M min ≡ 0 ∆ min takes the following form
because of π Q ι = 0 and ∆ min (1 + h∆ min ) −1 = (1 + ∆ min h) −1 ∆ min . The perturbed projection π ∆ min and the perturbed injection ι ∆ min are given by
They are cohomomorphisms: 
on T (H), where Π = ι ∆ min π ∆ min holds. We find the following projection properties
and the Hodge type decomposition on T (H)
Light-cone reduction
Let Φ old be a light-cone string field of the light-cone formulation [3] . The kinetic term of the light-cone formulation is given by
We write H old for the state space of the light-cone formulation: Φ old ∈ H old . As we explained in the previous section, by applying the homological perturbation lemma with d = d n , the kinetic term of the Witten theory reduces to
The string field Ψ lc ∈ H lc and the kinetic operator K lc consists of physical excitations {x µ , p µ , a I n } n for 0 < I < 25. The kinetic term has no a ± n -excitation and no non-zero ghost excitation from the Fock vacuum. We thus find K lc H lc ⊂ H lc . Since the Fock vacuum takes |Ω ≡ c 1 |0 and the bc-ghost number anomaly implies Ω|c 0 |Ω ≡ 0|c −1 c 0 c 1 |0 = 0, we can map from Ψ lc ∈ H lc to Φ old ∈ H old by Ψ lc = c 1 Φ old (x + , p + ). Hence, for any states A, B ∈ H lc , we find the equivalence of the inner products
Now, we have the Hodge type decomposition of the state space H cov as follows
1)
where h is given by (2.15 ) and Π denotes a projector onto the state space H lc = Π H cov of the light-cone reduction. It also works well on the Fock space T (H cov ) with (3.13) . Using it, we elucidate how the light-cone string field appears in the interacting theory.
Light-cone reduction and A ∞ structure
Witten's open string field theory has a cubic action
Let us consider the following redefinitions of the string field Ψ and the star product m 2 ,
Namely, we set m cov 2 = U m 2 (U −1 ⊗ U −1 ) as a bilinear map. Hence, the cubic vertex m cov 2 remains associative and is exactly equivalent to the original star product m 2 . We find
The string field Ψ cov ∈ H cov has ghost number 1 and includes gauge degrees. The action S[Ψ cov ] is invariant under the gauge transformation
where Λ cov ∈ H cov is a gauge parameter field carrying ghost number 0. By defining m cov 1 ≡ c 0 K lc + d, we find that as the Witten theory, the following coderivation becomes nilpotent and gives a cyclic A ∞ structure
The original A ∞ relations of (4.2) provide the nilpotency (Q) 2 = 0, the Leibniz rule [[Q, m 2 ]] = 0 and the associativity of the star product (m 2 ) 2 = 0. In terms of (4.5), these relations correspond to respectively. Note that although the physical and unphysical excitations are completely split in the above expression, it remains covariant theory yet.
We can expand the string field as Ψ cov = ψ + c 0 χ and the action (4.4) becomes This type of reduction can be performed by the homological perturbation lemma. 5 It is an exact procedure to reduce nonlinear gauge symmetry and provides a closed form expression of the resultant theory. We thus consider the lemma for A ∞ , or the minimal model.
Let us explain the light-cone reduction of Witten's string field theory. In the Witten theory, because of (4.1) and (4.3), any covariant string field Ψ cov ∈ H cov can be decomposed as Ψ cov = d h Ψ cov + h d Ψ cov + ΠΨ cov with Π Ψ cov = Ψ lc ∈ H lc . We showed that for the free theory of covariant string fields, the light-cone reduction is obtained by the contraction of
which is an alternative proof of the no-ghost theorem of covariant strings. 6 In order to include interactions, we consider the perturbation ∆ ≡ m cov 2 for the above contraction of
where the A ∞ structure of the reduced theory is given by
The cyclicity is manifest because of h. The contraction preserves the cohomology and two A ∞ structures m cov and m lc give the same physical spectrum. Hence, because of the lemma, the reduced theory reproduces the same string amplitudes as Witten's string field theory. 7 Note that m lc : T (H lc ) → T (H lc ) and m lc defines the vertices of the light-cone string field theory via
One can identify m lc acting on T (H lc ) as ι m lc π acting on the physical subspace of T (H cov ), for which we also write T (H lc ) ⊂ T (H cov ). By expanding (4.8), we find the explicit forms of these A ∞ multilinear maps {m lc n } ∞ n=1 acting on T (H cov ) as follows
. . .
where Π ⊗n maps (H cov ) ⊗m to (H lc ) ⊗n iff m = n, otherwise to 0. Note that these are tree graphs and equal to the classical parts of the vertices of an effective action for the Witten theory if one regards h as a propagator, in which gauge degrees are integrated out instead of high-energy physical degrees as (1.1). We obtain the reduced action
Ψ lc , m lc n Ψ lc , . . . , Ψ lc , (4.10) 6 It is nothing but the result of the perturbation ∆ = c 0 K lc for h T (H cov ), d ⇄ T (H lc ), 0 with (4.1). 7 The minimal model theorem for A ∞ ensures uniqueness of the minimal model of these cyclic A ∞ algebras. In other words, (4.4) and (4.10) have the same S-matrix at the tree level. whose kinetic term is just equivalent to that of the old light-cone formulation. Although the resultant theory is consistent as a light-cone theory, it necessitates an infinite number of vertices (4.9a-d) unlike the old light-cone formulation [3] . The action (4.10) takes an A ∞ form and it satisfies the A ∞ relations (m lc ) 2 = 0 because of the homological perturbation. Note however that the light-cone reduction kills all unphysical states. The string field Ψ lc has no gauge degree, δΨ lc = 0 .
Reduction of gauge symmetry and covariance
Although our light-cone theory (4.10) has no gauge degree, there exists a potential A ∞ structure (m lc ) 2 = 0 as the old light-cone formulation. Namely, for each n > 0, we have k+l=n m lc l+1 . . . m lc k . . . = 0 .
(4.11)
If there was 8 any ghost number 0 state λ in H lc , it could generate the gauge transformation
(4.12)
One can restore this type of gauge symmetry by adding trivial BRST quartets, which we removed in the light-cone reduction. As we explain, it recovers the covariance.
Let us consider state spaces spanned by trivial BRST quartets G n ≡ a ± ±k , b ±k , c ±k n k=1 . There is a sequence of state spaces intermediating the light-cone and covariant theories:
The covariance is restored by adding the G n -quartet's excitations successively. We write Π (n) for a projector onto H lc ⊗ G n , namely, Π (n) H cov ≡ H lc ⊗ G n . We find the Hodge type decomposition 1 − Π (n) = d (n) h (n) + h (n) d (n) by using (3.7) and
These subtracting operators {d k , d −k } n k=1 generate gauge symmetry on Π (n) H cov and the G n -quartet excitations always appear in its gauge parameter field Λ n ∈ Π (n) H cov . The intermediate theories are covariant for some space-time fields and are light-cone type for the other space-time fields, in which covariant space-time fields have gauge degrees. A string field Ψ n ∈ Π (n) H cov therefore has gauge degrees δΨ n ∈ Π (n) H cov . We find the reduced (cyclic) A ∞ structure
It defines a kinetic operator m (n) 1 ≡ c 0 K lc + n k=1 (d k + d −k ) and an A ∞ string field theory . We obtain a gauge invariant action I n [Ψ n ] for the n-th intermediate theory
It is invariant under the gauge transformation
One cannot get Λ n without quartet excitations: Λ n / ∈ H lc but Λ n ∈ H lc ⊗ G n .
The theory I 1 [Ψ 1 ] may give an interesting example, in which a string field Ψ 1 ∈ H lc ⊗ G 1 has the G 1 -quartet excitations. The string field Ψ 1 consists of the tachyon t(x), covariant photon or Yang-Mills field A µ (x) and transverse components of the massive higher-spin fields {ϕ µν (x), ϕ µνρ , · · · }. Now, a ghost number 0 state Λ 1 ∈ H lc ⊗ G 1 exists because the state space includes the G 1 -quartet excitations. It is a gauge invariant theory and covariant just for Yang-Mills fields A µ (x). Note that A µ (x)'s gauge degrees generate the A ∞ type gauge transformation of the string field
Conclusion
In this paper, we proposed the light-cone reduction of covariant string field theory on the basis of the homological perturbation lemma for A ∞ . The resultant theory is consistent as a light-cone theory and its action takes an A ∞ form (4.10), which seems to be different from the old light-cone formulation [3] . It would be noteworthy, for it implies that the old light-cone formulation contains some additional structure simplifying string field theory, which is missing in the covariant formulation based on the minimal world-sheet variables. We also showed that the homological perturbation lemma indeed provides not only an exact gauge-fixing procedure taking into account interactions as (1.1), but also direct correspondence between different theories as (A.1). It gives alternative treatment of the no-ghost theorem [7] or similarity transformations of the BRST operator [8] . We conclude this section with some comments on related topics.
When the total central charge is nonzero, amplitudes depend on a world-sheet metric, which is taken to be flat along a propagator in the Witten theory. Although our theory is obtained from the Witten theory within the covariant formulation, its world-sheet metric becomes flat along light-cone diagrams unlike the Witten theory. 9 It would be interesting to clarify this mechanism and compare our light-cone reduction with the earlier covariantized light-cone approach [5, 6] . Another interesting future direction is applying the lemma to the covariantized light-cone closed string field theory. These are in progress.
The homological perturbation gives an alternative approach to (partial) gauge-fixing. It would be interesting to clarify how to apply the lemma to WZW-like string field theory, in which a pair or triplet of A ∞ /L ∞ generates gauge degrees [18, 19] .
One can understand Sen's Wilsonian effective action [20] in the same manner, in which the homological perturbation lemma should be applied to quantum L ∞ or quantum BV. As shown by [17] , a minimal model for a given quantum L ∞ algebra can be constructed by applying the lemma, which naturally gives a Feynman diagram expansion and defines an effective theory. It enables us to construct an effective action satisfying the quantum BV master equation from a given gauge theory satisfying that. exact (partial) gauge-fixing which takes into account interactions, effective field theory or Wilsonian action may be described by this framework as long as the theory satisfies the (quantum) BV master equation [17] .
A.1 Proof of the lemma
We give a short proof of the lemma based on formal and algebraic computations. For more rigorous treatment, consult some mathematical manuscript.
Note that (Q ∆ ) 2 = 0 holds by construction of Q ∆ = Q + ∆. Because of (Q) 2 = 0, we have (∆) 2 + ∆Q + Q∆ = 0. We first prove that it implies the relation
One can check it by direct computations:
Differential: (q ∆ ) 2 = 0
Using qπ = πQ, ιq = Qι and AιπA + AQ + QA = 0, we find .
One can find that π ∆ and ι ∆ are quasi isomorphisms-morphisms preserving the cohomology, for which see mathematical textbooks.
A.2 A few examples
A first example is a trivial situation, which is the case of h = 0 as follows
Then, since perturbed data are given by π ∆ = π, ι ∆ = ι, h ∆ = 0 and A = ∆, we get
In particular, it preserves the homotopy equivalence relation ι ∆ π ∆ = 1 = ι π = 0.
Contractible situation
The second example is a contractible situation, namely, ι π = 0. When a given complex (H C , Q) is contractible, h H C , Q π ⇄ ι L = 0, q with 1l H = Q h + h Q , the perturbed one (H C , Q + ∆) is also contractible with h ∆ = h − hAh,
Let us consider an example of contractible situation. We assume that 1+∆h is invertible on H n and H n+1 . The following sequence gives an example,
with 1l Hn = Q h + h Q .
We find that h ∆ = h− hAh gives a contracting homotopy of Q ∆ = Q + ∆ on H n . Note that h = Q −1 n (1 Hn − Q −1 n+1 Q)δ(H n ) + Q −1 n+1 πδ(H n+1 ) defines the contraction using a left inverse of the inclusion ι : Im(Q) → H n+1 and a right inverse Q −1 k+1 : Im(Q) → H k for k = n − 1, n. 
Direct sum of standard and contractible situations

A.3 Application to similarity transformations
We explain that similarity transformations of the BRST operator can be constructed by applying an infinitesimal version of the homological perturbation lemma and by solving the differential equation for a morphism U (t) satisfying U (0) = 1. Let us consider an infinitesimal perturbation ∆(t) ≡ ∆ dt satisfying (dt) 2 = 0 in (A.1). We find A = ∆ dt because of (dt) 2 = 0. Likewise, we find that (3.15a) and (3.15b) provide ι ∆dt − ι = −(h∆) ι ∆dt dt , π ∆dt − π = −π ∆dt (∆h) dt .
We assume that when the perturbation is infinitesimal, the morphism U (t) satisfies ι ∆dt = U −1 (t) ι , π ∆dt = π U (t) .
(A.2)
It provides the relation U (t)(ιπ) ∆dt = (ιπ) U (t) in (A.1). By using a formal power series U (t) = U (0) + d U (t) dt t=0 dt + · · · , we obtain
which determines U (t) up to operating ι or π. Note that π U (∆h + h∆) U −1 ι = 0. In order to find a similarity transformation, it may be helpful to consider a situation that π or ι can be identified with U (t) in (A.1), which is consistent with our assumption (A.2).
